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Properties and eigenvalues of a fifth label generating
operator for quadrupole-phonon states

G Vanden Berghe and H E De Meyert

Seminarie voor Wiskundige Natuurkunde, Rijksuniversiteit Gent, Krijgslaan 271-S9,
B-9000 Gent, Belgium

Received 7 September 1979

Abstract. The properties of a previously algebraically derived fifth label generating
operator S for quadrupole-phonon states are discussed. This algebraic operator is connec-
ted with the operators following from pure group theoretical principles. A method is
developed by which it is possible to calculate numerically the eigenvalues of the operator S.

1. Introduction

The wavefunctions of the quadrupole-phonon states, as introduced by Bohr (1952), can
be exactly defined by using group theoretical (Arima and Iachello 1976, Chacon et al
1676, Kemmer et al 1968, Von Bernus et al 1975, Corrigan et al 1976, Weber et al
1966, Williams and Pursey 1968) and pure algebraic techniques (Vanden Berghe and
De Meyer 1979b). Five quantum numbers are needed to classify uniquely the states
built up by N quadrupole phonon states. Four of them are related to the Casimir
operators of the groups appearing in the chain U(5) > R(5) > R(3) > R(2), i.e. the boson
number N, the seniority v, the angular momentum Jy and its projection My. The fifth
label which one usually introduces counts the number of boson triplets coupled to zero
angular momentum (Arima and Iachello 1976, Chacon et al 1976) and is not related to
the eigenvalue of an operator. On the contrary, it is known that there exists an integrity
basis which gives all R(5) = R(3) labelling operators (Gaskell et al 1978), the number of
which is stated by a general theorem (Peccia and Sharp 1976). To our knowledge,
however, no attempts have been made to calculate eigenvalues and to determine an
orthonormalised basis.

Very recently a method has been developed by which it was possible to derive the
most general form of operators which commute with the Casimir operators of the four
mentioned groups and which are independent of them (De Meyer and Vanden Berghe
1980). The eigenvalue of such an operator can then be used as a fifth label. These
operators have been developed in terms of a set of scalar operators, also called
canonical operators, in order to refer to the property that all the phonon creation
operators b,, stand to the left of the phonon annihilation operators (— 1)“b_,, i.e.
ORFIRR=V2T+1L( . (b7 )2 ™) . )/N=1p™)™

X((.. .(bb)"2B)" .. )Ntb) N ]’ (N=2) .
0=v5(b"b)° (N=1). (4D
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1544 G Vanden Berghe and H E De Meyer

It has been remarked that the set of operators (1.1) is overcomplete, since for fixed N
and Jn values the operators having different intermediate angular momentum values
are not necessarily independent. It has been shown (De Meyer and Vanden Berghe
1980) that it is possible to indicate for any fixed N and Jy, insofar as an N- phonon state
with angular momentum Jy exists, 2 minimal set of independent operators O%4x in
terms of which all other canonical operators can be expressed. The criterion for
selecting this set of independent operators has been discussed in detail by Vanden
Berghe and De Meyer (1979b). For further use we state here the expressions in
canonical form of the number operator N and its square, the angular momentum
operator J” and the Casimir operator of the R(5) group:

N=0 (1.2)
N’=0+3 07 (1.3)
g

, 2 2 N\,

60+ ,
M)%ZbZIpJ (1.4)

V¥=-20+300~3Y OF (1.5)

J

whereby the J summations extend over the even-integer values from 0 to 4.

The conclusions that have been obtained (De Meyer and Vanden Berghe 1980) are
the following.

(a) Operators commuting with N, J?, V* and the angular projection operator Jo,
and being independent of these four operators, should at least contain terms built up
with four phonon creation and four annihilation operators.

(b) They can be written in the f.ollowing particular form:

7 20 420 2002 | 42323 020 5020 | (022 5022
X[{f}]"‘fzooz + 02002 + 23033 - 54+ fis0ag + 0300050 + f035 0053

2029202 | (202 1202 | (002 022 | (024 7024 | (234 234 | (234 5234

2020503 + f02: 0023 + f2050305 + [024 0024 + 2320335 + f0240034

+ﬁwﬁﬂﬁ@§%Mﬁ%%Sﬁ (1.6)
where the real variables f2"7% can be determined as follows:
X[ f30, fo2, 33, fas> fas s fo30, fo3, f302s £6225 [202> 024 234 F024) [234r [235, faaes Fues
25y—-11z
e
~6:6147b—-1-9643¢; e, g, —3a+2-4053b
+0-7143¢, a, a, h, ¢, b, b, —2-0952a +2-3926H
+0-0816¢+0-8658d, d, 1-2768a —2-2180b —0-4559¢ +O-5804d],
{(x,y,2z,a,b,¢c,d, e, g, heR). (1.7)

One should, however, notice that such operators are only determined upon terms of the
form N°, J?, V* and N, with which they commute.

(¢) Nine independent operators of the form (1.6) can be constructed out of the
operators (1.3)~(1.5), i.e. N°, J°N, V*N, N*, J*N? V*N? J* V*?, J*V* Intable 1
the values, which take the ten independent parameters x, y, 2, a, b, ¢, d, e, g and h for
each of these operators, are summarised.

55
-3y —2)

—2:4053b—-0-7143¢, x, y, z,
053b X, ¥, 2 38
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(d) Any operator of the form (1.6) and (1.7), which is independent of the nine
operators listed at the head of table 1, can be used as fifth label generating operator. The
simplest one follows from the choice

ie.
S$=0-86580%2 + 0315 +0-5804 0388, (1.8)

Weber et al (1966) have proposed some operators which could be used for the
complete classification of the states considered. They are constructed in terms of the
generators of the R(5) Lie algebra. In the first part of this paper a connection will be
made between the operators (1.6)—(1.7) and the ones proposed by Weber et al (1966). It
will also be shown that the second Casimir operator of the R(5) group is not linearly
independent of the nine operators listed in table 1 and therefore not useful for the
classification of the phonon states under consideration. Very recently Hughes and
Yadegar (1978) have developed a method by which R(3) scalar operators can be
constructed for low-dimensional groups possessing an R(3) subgroup. We shall state
the form of this operator obtained by applying that method to the R(5) group and show
its relation to the operators of the form (1.6)—(1.7) and to the ones proposed by Weber et
al (1966).

In the second part of this paper a method will be presented by which it is possible to
calculate the eigenvalues of the operator S (equation 1.8). Therefore the quadrupole-
phonon states constructed by Vanden Berghe and De Meyer (1979b) will be used. The
proposed method will be applied to derive the eigenvalues of the N = 6 states with total
angular momentum Jy =6, which are the first states degenerate with respect to the
seniority.

2. Previously proposed fifth label generating operators

2.1. Operators proposed by Weber et al (1966)

Weber et al (1966) have proposed that one of the three following operators could
eventually be used for the classification of the quadrupole-phonon states:

Sk =[(6B)’ (67 b)* ) (b b)* (67 b)*)* T° k=1,2,3. 2.1
These operator forms belong to a larger class of operators which we will study here, i.e.
QU ikskskaks) =v2ks+1[((6 ") (b7 b)) (b7 b) (b b)*)*]°

ki, ky, k3, kg=1o0r3. (2.2)

Since these operators are all R(3) scalars, they commute with J 2 and J,. Moreover, as
the forms (™ 5)%, (k=1 or 3) are the generators of the R(5) group, they all commute
with its Casimir operator V*, Due to the particular form of (2.2) the commutator
[Q, N is also zero. These Q operators fulfil the conditions, mentioned in the intro-
duction, to be a fifth label generating operator. In this way it should be possible to
transform (2.2) into the canonical form (1.6)-(1.7). This transformation is rather
tedious and we have merely stated the result in appendix 1. The 12j symbols of the first
and second kind and the 15§ symbol, appearing in that result, are defined according to
Yutsis et al (1962). By introducing the different possible values for the set
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(k1, ko, k3, ks, ks)into (A1.1) it is now a matter of straightforward calculation to obtain
the results for the ten independent parameters x, y, z, a, b, ¢, d, e, g and h as defined by
(1.6)-(1.7). These numbers are summarised in table 2 for the 14 different existing
operators of the form (2.2). The parameters of the other Q operators, not mentioned in
table 2, are, except for a phase factor, either equal to one of the 14 summarised results
or can be brought in a simpler form consisting of scalar R(3) operators constructed in
terms of two R(5) generators. The Q operators with k; = k,, k3 =k, and ks odd belong
to the last-quoted kind. Indeed

Vaks+3[((b7b) (b7 b) ) (b7 b) (b 7) )P
=iM Y (=) Ms(kymykymy2 ks + 1MsY ksmsksma2ks+1— Ms)
X f(b*b)fnﬂ, (675w J(B7b) w2, (b7B)0). (2.3)
The commutators in (2.3) are derived by Weber et al (1966) to be
[(b™ b)Yy, (B7B)n)
=22k +1) ¥ (- 1)MVAL+3

LM

X{kl k1 2L+1}< k] k1 2L+1

+py2Lrt 2.4
2 2 2 —m; —my M )(b b) 2.4)

Introducing (2.4) into (2.3) and performing the Racah algebra, one gets

Ok kikyks2ks+1)
— (ky ki 2ks+1)(ks ks 2ks+1
i, { 1 1 5 }{ 3 3 5 }
sty 0 2 2 2 2
X 2k, + 1)(2ks+ D[(bT B 1 (ph)*"1)° (2.5)

showing that operators of this kind can all be expressed in terms of N, J?, N%and V*,
Not all of the 14Q operators given in table 2 are linearly independent of the Casimir
operators of the U(5), R(5) and R(3) groups. Indeed it is easy to show analytically that

Q(11110)=1/300J* (2.6)
Q(33330)=1/7(V*+1/10J%)? (2.7)
Q(33110)= —1/(10vV21)JA(V*+1/10J3). (2.8)

Besides these three relations which can be simply understood, there exists one more.
This supplementary one has been derived very recently (Vanden Berghe and De Meyer
1979a), i.e.

Q(11112)=1/300G7%=4J%). (2.9)

We remark here that these four relations can be numerically checked by using tables 1
and 2.
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With the results obtained, the behaviour of the R(5) Casimir operator of order 4 can
be investigated. Following Weber er al (1966) it can be defined as follows:

vi=2' % Y (BTh)L (BT (BTE) (b Th)

kikokaks mimamama
LiLaL3la AjA2A3ra

(=DM L 1YL, + 1D)(2Ls+ 1)(2L+1)

X [(2k;+ D)2k, +1)(2ks+ 12k +1)]V?

k1 Ll L2 kz L2 L3 k3 L3 L4 k4 L4 Ll
{ i f I |

2 2 2Jt2 2 2302 2 22 2 2
X( k1 Ll Lz)( kz Lz L3)< k3 L3 L4>
- m ‘—/\1 As ~ My —A /\3 — M3 ")\3 Ag

k4 L, LI)
X(—m4 o) (2.10)

Note that the k; and L, (i = 1, 2, 3, 4) summation indices can only take the values 1 and
3. This biquadratic invariant can be transformed with the help of Racah algebra:

v,=2* " ;k ) (=1 Q(kikykskaks) 2L+ DL+ 1)L+ 1)(2L,+ 1)
L]]i;;,;‘z.:

X[k, + 12k, + D)2k + D)2k, + 1)]?
X{kl L, Lz}{kz L, 1,3}{k3 L L4}

2 2 202 2 212 2 2
k4 L4 Ll}{L4 L3 k3}{L1 Lz kl}
X . 1
{ 2 2 2 k5 k4 L1 k2 k5 L3 (2 1)

Introducing the canonical form of the Q operators (see appendix 1) and performing
numerically the various summations, V; can be written as follows:

V= —0:34091039; — 0294340335 +0-99121 053 + 1-050335 +6-428550530
—2:386280933 —2:4125700% —12:85671093 +6:3033
+8-591550% —7-505+13-125(0%+ 0 +7-5N. (2.12)

Comparing this expression with the canonical expansion of V** (see table 1) it is
straightforward to deduce, within the accuracy of our numerical calculations, that:

V,=3y*I_2y* (2.13)

showing that the quadratic and quartic Casimir operators are not independent. This
result is obvious since we are dealing with symmetric representations of R(5), which
need just one representation label. On the other hand, the explicit relationship
between V; and V* has also been obtained by a completely different method by
Nwachuku and Rashid (1977) in their study of the eigenvalues of the Casimir operators
of the orthogonal and symplectic groups for the special case of a completely symmetric
representation.
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2.2. The operator suggested by Hughes and Yadegar (1978)

Very recently Hughes and Yadegar (1978) have developed a general method by which
R(3) shift and scalar operators can be constructed for low-dimensional groups possess-
ing an R(3) subgroup. Hughes has shown that these operators, which he denotes as o4,
are useful to solve the eventual state labelling problems. This method can also be
applied to the R(5) group. Although the construction of all Of is outside the scope of
the present work, it is very interesting to discuss the properties of the occurring scalar
operator OF~°.

This scalar operator for the R(5) case is defined as follows (Hughes and Yadegar
1978)

3
OF™% = yo(l, m)Qo+ Zl lyo(l, m)Qqp—vpl, —m)Q_,.] (2.14)
where for u=0,1,2,3
0 o i\a3lem (3!)2(2l+4)!(l—m—;.L)!(l+m)!]1/2 3 / l
vaulbm)=(=1) [ 6121=3)(I—mN(+m+u)! (;L ~—p—m m> (2.13)
and
Q.,=T(3, Fu)J)" for u=0. (2.16)

In(2.16) J. are, together with Jy, the generators of the R(3) subgroup of R(5). They
are defined in terms of the (b*5)¥ introduced in (2.1) and (2.2) in the following way:

Jo=v10(b*b)} J.= F2V5(b*b)1,. (2.17)
The T(3, w) (u = —3, —2,..., +3) represent the seven-dimensional tensor represen-
tation of the other generators of R(5). They can be written in the following form:

TG, 1) =(b"b)u= gy (2.18)
The generators (2.17) and (2.18) satisfy the commutation relations

(Jo, J]=J (Jo: 4u]= 1q, (2.19)

[J., J-1=2J, [Je 0 1=[BF )3+ u +1)]1"?g,u1.

Introducing (2.17) and (2.18) into (2.14) and replacing the combination /(/+ 1) by J?
and m by Jy, it is easy to verify that

2 — —
o} = ~7 qoJo(3T7 = 5J3—1)=~3/5q_1J[J* = 5J5(Jo+ 1) = 2]+~6 g_,J % (Jo+ 1)

+qosTy V3759 T [T =5T0(Jo— 1) = 2]+ V6 q.a? (Jo— 1)~ q.sT 2.
(2.20)

Since Of is a scalar operator, containing terms built up with four creation and
annihilation operators, and since it commutes with the Casimir operators of the groups
belonging to the chain U(5), R(5), R(3) and R(2), one can expect that it can be brought
in the form (1.6). A straightforward calculation shows that

0= —40v7 Q(11312) (2.21)

with Q defined by (2.2). By this relation and with the help of table 2 the reader can
easily calculate the values of the parameters occurring in (1.7). Moreover, Hughes’
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method provides an algorithm for deriving analytically the eigenvalues of operators of
the form OF, thereby, since this operator is Hermitian, giving an orthogonal solution to
the state labelling problem. We are currently investigating this way of working and
hope to report on it in the near future.

3. Calculation of the eigenvalues of the operator §

Since the operator S (equation 1.8) is expressed in a second quantisation form it should
be preferable to have the quadrupole-phonon wavefunctions available in terms of a
coupling between phonon creation operators. Recently Vanden Berghe and De Meyer
(1979b) have presented such a construction scheme. A wavefunction specified by the
phonon number N, the seniority v, the number of zero coupled triplets u, a total angular
momentum Jy and its projection My can be denoted as follows:

IN, v, w, Iy M) =3 aeusnliil i=0,1,..., N) (3.1)

where the summation extends over the linear independent basis vectors and where the
a3y, ..1v are the weights tabulated by Vanden Berghe and De Meyer (1979b). The state
vectors |{J;}) have the formal structure

{Ii=0,1,..., N)=Jn[b3 @ Inaal. .. 163 ® J11[b5 ® Jol. .. ]10) (3.2)

with J; =2 since the choice Jo = 0 has been made for reasons of symmetry. We remark
that, because of notational convenience, the My quantum number has not been
denoted. The wavefunctions (3.1) are orthonormalised and the eventual seniority
degeneracy is solved by the quantum number w, however, not related to the eigenvalue
of an operator.

Applying S to a general state (3.1) is very laborious. Since the eigenvalues of S are
independent of My no great loss of generality and a good deal of simplification results
from considering states of maximum projection My = Jy. By doing this one can make
use of the property that each of the basis vectors can be expressed in terms of products
of elementary permissible diagrams (Epp) as introduced by Chacon et al (1976).
Moreover, since [S, V*]= 0 it follows that seniority non-degenerate states of the type
(3.1) are also eigenstates of S. If, however, two seniority degenerate states of the form
(3.1), i.e. |N, v, w1, Jn, My) and |N, v, po, Jny My) oceur, it follows from the condition
[S, V*]=0 that one can expect that S|N, v, u;, Jn, My) (i =1 or 2) should be a linear
combination of both states.

Let us consider now as an example the N = 6 states with Jy = 6 and My = 6. There
exist three such states, one v = 4 and two v = 6 states. They are written down as follows
in the form (3.1) (Vanden Berghe and De Meyer 1979b)

IN=6,0=4, u=0,Jy=6, My =6)=0-149790,2, 0,2, 2, 4, 6) a1 -6 (3.3)
IN=6,0=6,u=1,Jy=6, My =6)
= —0:07768(0,2,0,2,2,4, 6)py-6+0-11220[0, 2, 2,0, 2, 4, 6) prus (3.4)
IN=6,0=6,u=0,Jy=6, My = 6)
=0:02377|0,2,0,2,2, 4, 6) s —6—0-01147]0, 2, 2, 0,2, 4, 6)rr—s
+0-08692/0,2, 2,3, 4, 5, 6) -6 (3.5)
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It is easy to show that the following relations yield between the occurring basis vectors
and the combinations of the existing Epp (Chacon et al 1976)

1
:(29 O)(l’ 2)2(27 2) = |O: 2’ 01 2, 23 4’ 6>MN=6 (3-6)
V35
1
——(37 0)(17 2)3 = IOa 29 2’ Oa 25 41 6>MN=6 (3'7)
V35
—3/:(2, 2%= Y 15V5[Q2J+ 1)2J2+ 1)(2T5+ 1)(2J,+ 1)]2
7 INEN
2 2 2
2 J Q)12 Jo I,
X (- 1)"*’4{ }{ }{Jz T 2}
J 2 2 2 2 2 6 4

x10,2,J1, J2, J3, J4, 6) pu=s
=1-14997/0,2,0,2,2,4, 6)p1u=6—0:51109/0, 2, 2,0, 2, 4, 6) 1, =6
+1-13388]0,2,2,3,4,5, 6) =6 (3.8)
In order to obtain the result (3.8) we have made use of the fact that all
0, 2, J4, J2, J3, Ja, 6) states can be developed in terms of the three chosen basis vectors
(Vanden Berghe and De Meyer 1979b). Due to the relations (3.6)-(3.8) the three
N =6 states (3.3)~(3.5) can be expressed in terms of the considered epp. It is now a

matter of straightforward application of Racah algebra to derive the results for
$(2,0)(1,2)%(2,2), S3,0)(1,2)*and S(2, 2)*. Asan example we present in appendix 2

the result of the application of an operator of the form O7'727 on (2, 2)°. By using this

expression and the other analogous ones, each of the present kets has to be developed in
terms of the basis vectors. Since such operations necessarily require the knowledge of
all existing relationships between the state vectors |{J;}), and therefore are quite
involved, we have invoked computer assistance for numerical treatment. The numeri-
cal results are summarised in table 3. These results can now be used for the application
of S on the N =6 states (3.3)-(3.6). The following results are then obtained:

S16,4,0,6,6)=50-6502|6, 4, 0, 6, 6)
Sl6, 6,1, 6, 6)
= —6-1049]0,2, 0,2, 2, 4, 6)+8-8588/0, 2, 2, 0, 2, 4, 6)
+0-1552(0,2, 2,3, 4,5, 6)
=79:1379/6,6, 1, 6, 6)+1-7851|6, 6, 0, 6, 6)
56,6, 0,6, 6)
=1-0571/0,2,0, 2, 2, 4, 6)— 0-3767|0, 2, 2, 0, 2, 4, 6)
+4:3730(0,2,2,3,4, 5, 6)
=1-7858/6,6, 1, 6, 6)+50-3111/6, 6, 0, 6, 6).

These results clearly indicate that the wavefunction of the first considered 6" state,
which is not degenerate with respect to seniority, is indeed an eigenvector of the S
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Table 3. The numerical results of the operation of the operator S(1.8) on (1/V35)
(2,00(1,2)%(2,2), (1/¥35)(3,0)(1, 2)* and (1/7V7)(2,2)’.

Basis vectors

State Operator 10,2,0,2,2,4,6) 0,2,2,0,2,4,6) 0,2,2,3,4,5,6)
1
—=(2,0)(1,2)*(2,2) 0 29-2673 6-1091 4-4255
V35 0-86580233 8:1040 -8-1040 -2:1074
0-58040%%; 13-2789 1-9949 ~2:3183
Total 50-6502 0-0000 -0-0002
1
—=(3,0)(1,2)? 036 17-3920 242181 -2.2128
V35 0-865803%  —40-2080 40-2080 3-1610
0-580403¢c4 3-4716 14-5297 0-4347
Total  —19-3444 789558 1-3829
1
—(2,2)° O 46-5962 ~16:7269 282734
77 0-8658 0333 16:7269 ~16-7269 282735
0-5804035% 0-0 0-0 0-0
Total 63-3231 ~33-4538 56-5469

operator. We remark, however, that in the intermediate results (table 3) contributions
to all basis vectors are obtained. The wavefunctions of the other 6 states, which are
degenerate with respect to seniority, are no eigenvectors of the S operator. Due to the
fact that S is a Hermitian operator, one expects that

(6,6,0,6,6/56,6,1,6,6)=(6,6, 1, 6,6[S6,6,0,6, 6)

a condition, which within the accuracy of our numerical calculations, is fulfilled.

It is now a matter of straightforward calculation to determine the N=6, Jy=6"
orthonormalised wavefunctions which are simultaneously eigenstates of N, J 2 Ty, V¥
and S. One finds:

67)=0-1498]0,2,0,2,2, 4, 6) (3.9)
163)=0-9981[6, 6, 1,6, 6)+0-0616(6, 6, 0, 6, 6)
= —0-0761{0,2,0,2,2,4,6)+0-1113(0, 2, 2,0, 2, 4, 6)
+0-0054/0,2,2, 3,4, 5, 6) (3.10)
63)= ~0-0616/6, 6, 1,6, 6)+0:9981[6, 6, 0, 6, 6)
=0-0285(0,2,0,2,2,4,6)—0-01840,2,2,0,2, 4, 6)
+0-08680,2,2,3,4,5,6). (3.11)

The eigenvalues of § associated with these states are, respectively, 50-6502, 79-2477
and 50-2009. This kind of calculation can be performed for each seniority degenerate
state. Although the numerical manipulations are quite involved the obtained eigen-
values clearly distinguish the several states.
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4. Conclusions

In the first part of this paper the properties of a fifth label generating operator for
quadrupole phonon states have been reviewed. It has been shown that the R(3) scalar
operators of biquadratic form in the R(5) generators as proposed by Weber et al (1966)
can fulfil these specific properties. Moreover, it has been proved that there are only ten
such biquadratic forms, which are linearly independent of the U(5), R(5), R(3) and R(2)
Casimir operators. A link was made between the operators constructed with the help of
pure algebraical methods and the operators following from pure group theoretical
principles. At the same time it has been confirmed that the R(5) Casimir operator of
order 4 can be completely expressed in terms of the second-order R(5) Casimir
operator. We also have shown that the R(3) scalar operator, constructed by using a
method recently proposed by Hughes and Yadegar (1978), was equal, except for an
overall numerical factor to one of the biquadratic forms just mentioned.

In the second part an algorithm is given for the calculation of the eigenvalues of the
Hermitian operator S introduced by De Meyer and Vanden Berghe (1980). This
method is worked out in detail for the N = 6 states with angular momentum 6. It is
shown that the eigenvalues obtained clearly distinguish the three I”"=6" states.
Unfortunately we were not able to interpret the physical content of such eigenvalue.
Since, however, an infinity of such fifth label generating operators exists, it is quite
difficult to believe that an operator § selected at random should be related to a physical

property.
Appendix 1. The operator Q(kyk;k3k4ks) in canonical form

Q(kikakskaks)
= (2ks+1)2[((b" ) (b b)Y 2)*5((b™ b) (b b)*)s]?
=[(2k;+ 1)2ky+ 1)2ks+ 1)k + 1)1 (2ks+1)

x{z 2 ks}{2 2 ks}[(—_l)"jo

ki, ky, 2Jlks ky 2 5
J k22]2} k{ZZJz}
2 —_ 5 +_ S
+,220’2<( b {2 2 1k TOD 2 g,
2 2 Jz} k+k{2 2 Jz}
+_. k5 +_. 3 4
(1){22k1(1) 2 2 ks
k, 2 ki 2
KRN Rl G HER A
2 72 2 2 ks ks
k, 2 ki 2
+(_1)k2+k3|: 2 k5 ]2 2 ])
2 2 ky ks

+ Y [QRn+1)l+ D120

J2J3J4
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ks ks k
% (_1)k4+k5+13+.l4{2 2 ks}{2 2 k4} 25 23 J4
ki k, 20\, 1, I - Jz
3
k, k, k
+(~1)’~’*’4{2 : ks}{z 2 ks}{zl 3 JS}
ki ke 200, 13 T 2
3 4 2 3 4 2 2 13

2 2 2 J>
vhptirti 2 2k
+(_1)k| kot+kat+ds, 14{] J ]4}{ k3 k2 2 ]3}
27 Tk, ks ki 2

2 2 2 J,
s (2 2 k
+(_1)k3 ks -’4{ 4}{ k3 k1 2 J3}

I Js J
20 ek, ks k, 2
2 2 Js 2 k,
+ (—1)"'*"2“4{ ky 2 Ja 2 kz}
ks ks 2 Js 2
2 2 Js 2 ki
+ (—1)’2*’4{ ks 2 Js 2 kz})
ks ks 2 A 2

+ L (DR R+ DRI+ DI+ D@5+ D] 075,

J2J3J4JsJe

ki, ko ksy (2 J» Js
x{]z f ]25}{2 2 Jz] {k; ks ka} (A1.1)
4 2 02 52 g Us

Appendix 2. The result for 01172, 2)°

2,2)°
05:5:5::( 2
V7

=7208,5 Y. (2T + 1)L+ 1)Q2J3+1)]*(-1)’
J

2 J 2

5L J 2
><{22 2 J}{Z I 6}IO,2,11’12’~’3J’6>M~=6
2 2 4

+1540v5 Y [(27 + 12T+ 1D)Q2I,+ DRJs + 1)) /3 (=1) 1+
J

Jo J 2

Jo J 21(2 2 T

X{ g }{ 2} 2 2 2 '0, 21-’1’]2’-]3,-’7 6>MN=6
2 2 L2 g 2 2 6 4
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+1540V5 ¥ [(2T+ DI+ 12T+ 1)(2T + 1)]V2
JI

A2 T T
< (2J" + 1)(~1 J1+JZ+J+J{ }
@I+ -1 P
Ji 2 24372 2 2
X J2 2 13 JJ 2 t0727JISJ2’J3?J’6>MN=6

2 2 JJi2 6 4

+720V5 Y (27 + 12T, + )21, + 1)(2J5+ 1)]V2
J

Ji J3 2
Jy 2Y(4 6 2 .
x{f‘ . }{ } 22 240,271 oy Ja, T, 6)rne.
2 2 w2 2 J 5 7 4
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